Chapter 1

Section 1.1

1. This is a variables separable equation and y = 0 is a solution. If y £ 0, then
dy_ 2
y a2+
= Inly|=n(*+1)+Co
= ylz)=Cla® +1),

dx

where C' # 0. The value C = 0 generates the singular solution y = 0.
2. Proceeding as in 1, for y # —1 we have

= Inly+1=2°+C
= y= Ce™ — 1,
where C' # 0. The value C' = 0 generates the singular solution y = —1.

3. This is a linear equation, solved by the integrating factor method:

@ 2 T

dx x—ly z—1

N M_exp{/ 21dx} o=l — (5 _1)?
= y(x) 2/96—1 dm:(x—ll)Q/(

—(:v 1)~ 2(%1'3 —I—C)
4. Proceeding as in 3, we have
dy 2 3,
— ——y=2xve
Az z”
2 1
= M_exp{/——da:}elnmz__Q
x x
2 1 3 x 2 x
= y(x):x/ saetdr =1 /xe dx
x
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Section 1.2

1. This is a homogeneous first-order linear equation with constant coefficients, solved by means of the corresponding
characteristic equation:

2545=0 = s=-2
= y(zr)=Ce /2
2. Proceeding as in 1, we have
3s—2=0 = s=12

= y(z) = Ce®/3,

3. This is a homogeneous second-order linear equation with constant coefficients, so

$?—4s+3=0 = s1=1, so=3
= y(il?) =(C1e* + 02631.

4. Proceeding as in 3, we have

252 —Bs+2=0 = 5 =2 s =1

2
= y(il?) = 0162&0 + 0261/2.
5. Proceeding as in 3, we have

45> +45+1=0 = s =83=—
= y(z) = (C1 + Chz)e /2.

N[

6. Proceeding as in 5, we have

$2—6s+9=0 = s =s,=3
= y(z) = (C1 + Cox)e®”.

7. Proceeding as in 3, we have
2 4+25+5=0 = s10=-1+2
= y(z) = e *[C1 cos(2z) + Cysin(2z)].
8. Proceeding as in 7, we have

s —6s+13=0 = s12=3%2i
= y(z) = e [C) cos(2z) + Cy sin(2z)].

Section 1.3

1. This is a nonhomogeneous linear equation with constant coefficients, so we use the ‘complementary function +
particular integral’ method:

5+2=0 = s=-2

= Ycr = 06_217



Ypy = ax + b+ ce*®

= (a+4ce™) + 2(ax + b+ cel®) = 22 + 1®
= 2ax+ (a+ 2b) + 6ce™™ = 22 + e*”
= 2a=2, a+2b=0, 6¢c=1
_ —_1 1
= a=1, b——2, c=35
= Y=z —g+ze
= y(x)zCefh—l—x—%—i—%e“.

2. Proceeding as in 1, we have

2s —3 =0 = S =

N[OV

= yCF:C€3$/27
ypr =ar+b+ce® =x+2—e€"
= yz)=Ce3*? 4 x 42— ¢

3. Proceeding as in 1, we have

25—1:0 = s =
Yor = 061/2,

Yps = aze®/?

1
2

I

2a(ez/2 + %xemﬂ) — aze™/? = 2ae*/? = /2
20 =1
0=l

1 2
yrr = 5 we”/

y(z) = Ce™/? + %xew/z = (C—|— %x)ew/z.

L

4. Proceeding as in 3, we have

s+1=0 = s=-1
= ycr =Ce™",
ypr=ar+b+cre * =1—x+2xe "
= ylx)=Ce ™ +1—a+2ze "

5. Proceeding as in 1, we have

4

R

$—1=0 = s19==I

Yor = C1 coshzx + Cysinh z,

yp,zax2—|—bx—|—c

2a — (ax® + bx+¢) = —ax® —bx+ (2a —c) =2* — 2+ 2
a=-1, b=1 c=-4

yp,:—;v2+;v—4

y(z) = Cy coshx + Cysinhz — 2% + x — 4.
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6. Proceeding as in 5, we have
$2-25—8=0 = s;7=4, s5=—2
= yor = Cre™ + Coe™ ",
yP]:aI2+bI+C:I‘2—I‘
= y(z)=Cre* + Cre ™ + 2 — x.

7. Proceeding as in 5, we have

s2-25=0 = s12==5

= Yor = C1™ + Cae™™,
Yp, = aze T
= a(—10e™5" + 25ze°") — 25axe” " = —10ae " = 30e~ "
= —10a =30 = a=-3
= yp = —3ze
= y(r) = C1e*" 4 Che ™" — 3xe™" = 01 + (Cy — 3x)e 7.

8. Proceeding as in 7, we have

4 +1=0 = s12==+3i
)—i—Cgsin(%x)
)—i—bsm( )]—2x51n(%)
) (C2—|—233)s1n< )

= Yor = Clcos(

ypr = x[a CcoS

wl»—l wl»—A MI)—l

= y(z) = C}cos

Section 1.4

1. This is a Cauchy—FEuler equation, so, proceeding as in Example 1.14, we have

22— —3=0 = 1=
= y(il?) = 01173/2 + OQI_l

N

T2:—1

2. Proceeding as in 1, we have
P4r—6=0 = 1 =2 1m=-3
= y(.I) = 01172 + 02$73

Section 1.5

1. For any functions y1, y2 and any numbers c;, ca,

x(cryr + caya)” — (cry1 + coy2) sinx = 1 (zy] — vy sinz) + co(vyy — yhsinx)
= equation is linear.

2. For functions y1, y2 and numbers ¢1, ¢o, in general we have

(c1y1 + cay2)' + 2z sin(cryr + c2y2) = 1y + cayy + 2z sin(c1yr + c2y2)
# c1(yy + 2z siny;) + ca(yh + 2w sinys)
= Clyi + 2cizsiny; + Czylg + 2cox sin yo
= equation is nonlinear.
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3. Proceeding as in 2, in general we have

"

(c1y1 + cay2) (cryr + c2y2)” — x(cryr + c2y2)
= iyl + crca(Whys + yiys) + cysys — c(wyn) — ca(ys)
# c1(yy) — xy1) + ca(yayy — xy2)
= equation is nonlinear.

4. Proceeding as in 1, we have

(cryr + c2y2)” + Ve (ciyr + cay2) = c1(y) + V) + c2(ys + VT ys2)
= equation is linear.






