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Chapter 1

The Wave Function

Problem 1.1
(a)
()? =217 =

(%) = %ZjQN(j) = i [(14%) + (15%) 4 3(16%) + 2(22°) + 2(24%) + 5(25%)]

1 6434
= ﬁ(l% + 225 4 768 + 968 + 1152 + 3125) = I = 459.571.

i Aj=j-()
14| 14—21=—7
15 | 15—21 = —6
(b) 16 | 16 —21 = —5
22 [ 22-21=1
24| 24-21=3
25 | 25 —21 =4

0 = Y AIPNG) = 53 [(F17 + (26 + (-5 -3+ (17 -2+ (3% 2+ (4 5]

1 260
= 749436+ 75+ 2+ 18+ 80) = - =[18.57L.

o = V18571 =|4.309.
(c)

(5%) — (j)? = 459.571 — 441 = 18.571.  [Agrees with (b).]
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Problem 1.2
(a)

(e?) = /22 ! dle(zw)
o 2Vhzx 22vh \ 5

5 3 45 3v5
(b)
P—l—/ﬂidx—l— i(2\/5) o —l—i(w/x —Vz2)
o 2hr 2Wh . BV E
zy = (z) + 0 = 0.3333h + 0.2981h = 0.6315h; z_ = (z) — 0 = 0.3333h — 0.2981h = 0.0352A.
P =1-+0.6315+ v0.0352 = | 0.393.
Problem 1.3

()

1= / Ae M= g Tetu=x— a, du =dzx, u: —00 — 00.

1:A/ e’\“QduA\/? a2
oo A T

(x) = A/ ze N0 gy — A/ (u+ a)e_)‘“zdu
:A[/ ue—/\uzdu—i-a/ e—W’du} :A<o+a\/§> =[a.]

(%) = A/ 22e M@0 gy

= A {/ we N dy, + 2a/ e du + a2 / e>‘“2du}

}: a4+ —.

(b)
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() p(x)
A
a X
Problem 1.4
(a)
AR [ AR 1
1:7/0 szdx—‘-(b_a)Q/a(b—x)Qd.’I}:lAP ?
b— b 3
— AP [;‘+ Ba} = lAPZ = [A=/5.
(b)
o
A
a b X
(c) At [T=a]
(d)

a A2 a
P:/ w2de = AT / 22dr = |APS
0 a= Jo 3

(e)

if b=a, v

P=1
P=1/2if b=2a. v

(z) =/$|\I/|2dx: |A|2{(112/0ax3dx+ (bla)Q/abx(b—x)de}

a+ 1
0 (b—a)?

i ()
3
4b(b — a)

3 oL, 2,
= 10(b—a)? (3‘”’ gt

)

3

1

4(b — a)Q(

4

2

9T x
Zo_opl 4

(b2 b3—|- >

5 [0®(b— a)® 4 2b" — 86" /3 + b* — 2a°b* 4 8a’b/3 — a’]

b* — 3a*b + 2a*) = .

2a + b
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Problem 1.5

(a)
o0 672/\1 S |A|2
1 :/|\I/|2d:v:2|A|2/ e~ = 2| A|? ( > =" A=V
0 —2X /|, A
(b)
(x)y = /x|\I/|2dm = \A|2/ ze Mol gy : [Odd integrand.]
o0 2 1
2:2A2/ 2,-22a 7, _ 9 .
(x®) |A] ; e dx A g 2
(c)
1 1
2 2\ N2 — ) U(+0)|? = |A[2e=227 = N\e 2N V2N — \e=V2 — (0.2431 ).
o° = (z%) — (x) e o 7o [T (+0)|” = |A|"e e e 0.2431A

Probability outside:

0o 00 —2\zx o
2/ 0|2de = 2|A|2/ e~y = 2) <e = )‘ = e = | V2 = .2431.

Problem 1.6

For integration by parts, the differentiation has to be with respect to the integration variable — in this case the
differentiation is with respect to ¢, but the integration variable is z. It’s true that

0

Ox 0 0
U|2) = 2 2 _ 2
S @lV) = SN U = [P,

but this does not allow us to perform the integration:

b b
Q 25 Q 2 2,0
/a mat|\Il\ d:c—/a at(m\\ll\ Ydx # (z|¥| )|a




8 CHAPTER 1. THE WAVE FUNCTION

Problem 1.7
From Eq. 1.33, d<"> —zhf 5 (\If* 8‘1’) dz. But, noting that 2 azat = g:a‘l; and using Eqs. 1.23-1.24:

o (_,0v Ov* OU L, 0 [0V ih 0*0* i ] 0w 0 [ih 02V
m(‘P ax)— ot ox \Ilax(at>_[_2m8x2 V‘I’}ax”“ ax[zmaxz‘hw
ih [ ,0°0 00 QU] i LU D
zm[‘l’amsaxza} [V‘I’a%w‘m]

The first term integrates to zero, using integration by parts twice, and the second term can be simplified to
Vgl gy I g Gy = —|[29Y So

Problem 1.8
Suppose U satisfies the Schrodinger equation without Vy: ih%—%’ = zhjl ?;2 + VW¥. We want to find the solution
Uy with Vo: ihd%e = — 12 8% 4 (v L V)W,

Claim: Uy = WetVot/l,
P’f’OOfZ Zh% — -ha\y zVot/h+Zh\IJ( 1V0) —iVot/h _ |:7ﬁ82\11 +V\1/:| efiVot/h +‘/O\I,€7ivot/h

2m Ox2
2
PO (V4 V)W, QED
This has no effect on the expectation value of a dynamical variable, since the extra phase factor, being inde-

pendent of x, cancels out in Eq. 1.36.

Problem 1.9
(a)
1= 2|A|2/000 o2 iy = 9| AL Gy = 4P TR |a= (2;‘21)1/4.
(b)
%f — v %Ic/ _ 72a;nm\p; gzx\I; _ 72(;;m <\IJ x@@i) _ 726;_Lm <1 Qaq;;x2> v
Plug these into the Schrodinger equation, ih%—‘f = —% ?9273%, + VU
VU = il(—ia)¥ + % <— 2‘?) <1 - 2“21932) v

2 2
= {ha — ha (1 - ar}rim )] U =2a’ma?¥, so ’V(x) = 2ma’a?.




CHAPTER 1. THE WAVE FUNCTION

(c)
(x) = / z|U)?dx = [Odd integrand.]
e 2 1 wh h
2 :2A2/ 2 —2amz®/h :2A2 \/ _ .
(=% 4 0 ve do = 2] 4] 22(2am/h) V 2am | 4dam
d(z
) =m ™ _[0]
<2>—/\1/* ho 2\1:01 ——hZ/\p*md
P = 1 0x v 0x? o
2 2ama® 2
= _52/\11* JEO (2T ) | de = 2amb /\\II|2dx— ﬂ/x2|‘l/|2dx
h h h
_ 2am , 5.\ 2am h \ 1y
= 2amh <1 - (x )) = 2amh (1 - 4am) = 2amh <2> = |amh.
(d)
o2 = (%) — (x)? = L = |0, =1/ hol o2 = (p*) — (p)? = amh = | o, = Vamh
v dam * dam [ P P '

h

dam

Og0p = vamh = % This is (just barely) consistent with the uncertainty principle.

Problem 1.10
From Math Tables: m = 3.141592653589793238462643 - - -

P0)=0  P(1)=2/25 P(2)=3/25 P3)=5/25 P4)=3/2
@) | p5)=3/25 P(6)=3/25 P(7)=1/25 P(8)=2/25 P(9)=3/25

In general, P(j) = %

o ~—

(b) Most probable: Median: 13 are < 4, 12 are > 5, so median is
Average: (j) = %[0-0+1-2+4+2-3+3-5+4-3+5-3+6-3+7-14+8-24+9-3]
= L0+2+6+15+12+15+18+7+16+ 27 = 18 =[4.72.]

() () =50+1%-2+22.3+32.54+42.345%-34+6%-3+7>-1+8%-2+92.3
= L[0+2+12+45+48 + 75 + 108 + 49 + 128 + 243] = 10 =[28.4. |
0% = (j%) — (j)? = 28.4 — 4.72% = 28.4 — 22.2784 = 6.1216; o = /6.1216 =|2.474.
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Problem 1.11
(a)

Lt V=B o o) =2 E- V).

(b)

b b
T:/ ! dx:\/m/ r _ de.
@ /2 (E— Lka?) k Jo /RE/k)—=x
Turning points: v =0= E =V = $kb> = b= \/2E/k; a= —b.
b
B m 1 B mo. T\ |° m . 4
T—21/E/0 ﬁdx—%/ksm (b)}o_%/ksm (1)
mom m
=25 (5) =T

plx) = = . Ap(X)

= - > X
(¢) [(z)=0
1 b 2 2 b 2
(z?) = f/ < = R
7 J_y Vb2 — 22 T Jo Vb2 — 22
2 = 2 bR ¥r 0 |E
= 222 — 2+ g 1(7) _ 2 =22 == | =
{2 x—|—2sm v, sin” (1) —5 =3 A
b E
op = (22 — (2)2 = /(2?) = — =/ —.
V=GP = Vi) = S5 = |y
Problem 1.12
®) d |dt/dp| d,
14 t/dp|dp
dp = — = 2/ 2P 70
plp)dp = — T
where dt is now the time it spends with momentum in the range dp (dt is intrinsically positive, but
dp/dt = F = —kx runs negative—hence the absolute value). Now
2 2
p | 2 p
— 4 = =F =44/~ E— —
om T3k - k( 2m>’
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SO

—_

1 1
T/ k %(E—p—z) 7r\/2mE—p2 71'\/02—1927

where ¢ = v2mE. This is the same as p(z) (Problem 1.11(b)), with ¢ in place of b (and, of course, p in

place of x).
2
(b) From Problem 1.11(c), | (p) =0, (p*) = %, op = % =vVmE.
E m E 1 1 . . . .
(c) oz0p = " vVmE = T E|= e If E > Shw, then 0,0, > 5h, which is precisely the Heisenberg

uncertainty principle!

Problem 1.13

x[t_] :=Cos[t]

snapshots = Table[x[ 7w RandomReal[j]], {j, 10000}]

Histogram[snapshots, 100, "PDF", PlotRange - {0, 2}]

20r

10

05r
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r[x_] :=
i 1-x2
Plot[ r[x], {x, -1, 1}, PlotRange -> {0, 2}]
‘ 201

| |
| ’

-10 -0.5

Show[Histogram[snapshots, 100, "PDF", PlotRange » {0, 2}],
Plot[ r[x], {x, -1, 1}, PlotRange -> {0, 2}]]

[ P P P
0.5 0.0 0.5 1.0

Problem 1.14

(@) Pup(t) = [2|U(x,t)2dw, so Lo = [* 21024z, But (Eq. 1.25):
v 9 ov o .
ot oz [ (qj dr  Ox \IIH B —%J(x,t).
dP‘“’ = / —J(x,t)dx = — [J(z,1)]|° = J(a,t) — J(b,t).  QED

Probability is dimensionless, so J has the dimensions 1/time, and units

(b) Here U(xz,t) = f(z)e i, where f(z) = Ae=@m="/h g0 T = fe—iat df giat — ¢df

dz - Jdx
and U* %‘1’ fdf too, so | J(x,t) = 0.
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Problem 1.15
Use Eqgs. [1.23] and [1.24], and integration by parts:
d > . <9 . Rl el L0
= /mq/quzdx - /m = (U702) dg;/m< ath/ﬁqjla;) da
© [/ iRV i _(ih 02, i
-/ sz 97 +h”“1) Y2t (zmaxz - ﬁV%ﬂ &
iho [ (0% L9,
= —— 2 — 1 d:l?
2m J_oo \ Ox? Ox?
in | 0wy |7 °° 9UT Oy oWy |~ 09Ut 9y
_ it _ fdy— r—= dxr| =0. QED
2m | Ox 2_00 [mﬁxaxx 1895_00 /,Ooaxaa:x 0-Q

Problem 1.16

(a)
a a 3
1= \A|2/ (a® — x2)2dx = 2|A\2/ (a* — 2a%2® + o) da = 2| A [a‘lx — 222 4
—a 0
2 1 16 15
=2(APa® (1 -4 - ) = —d°|A]* so| A=/ ——.
||a< 3+5> T V 1647
(b)
(x) = / z|U|? dz = (Odd integrand.)
(c)
oo [“ 02 oy d o o :
(py=-A (a® —2®) —(a® — 2%) do = (Odd integrand.)
i —a dx

Since we only know (x) at t = 0 we cannot calculate d(z)/dt directly.

(d)

22 (a2 - m2)2dx = 2A2/ (a4x2 —2a%z* + xﬁ)dx
0

7 a

15 43 QX x 5, ,./1 2 1
_ 9" = - _ _Z _
165{(13 “5 7}0 s @357
_ Ma® (35-42+415\ _d® 8 |a®
8 3-8-7 8 7 7

3

0

5

|

a

0
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(e)
a d2 a
<p2> = —A2h2/ (a2 — xz) ﬁ(a2 — x2) dr = 2A2h22/ (a2 - x2)dx
a x 0
~—_————
-2
15 o (o @\["_ 15K ( 5 a®\ _ 1507 2 |50
1665 \“" 3 ), 4 \" T 3) T 1a® 3 [24%
()
1 a
s =V (22) — ()2 =4/ =a? =| —.
7= Vi)~ (0 = et =|
(g)
5 h?2 5h
op =V (P —(p)? = 57: \/;
a a
(h)

_a \F’i_,/5h_‘/mh>h v
= N V" T V727

Problem 1.17

(a) Eq. 1.24 now reads 6(%* = —%% + %V*\I/*, and Eq. 1.25 picks up an extra term:
0 1 i 2r
22 = 2RV — E————_ ik iT — iT) = ... — Z—|p|?
and Eq. 1.27 becomes ‘i{; = —% fooo |V |2de = —%P. QED
(b)
ap 2T _ar — “ari/n _h
- = —?dt = InP= —?t + constant = ‘ P(t) = P(0)e ) ‘ 50 |7 = o
Problem 1.18
h h?
——>d > T< ——.
V3mkgT 3mkpd?

(a) Electrons (m = 9.1 x 103! kg):

T (6.6 x 10734)2

—={1.3 x 10° K.
= 3(9.1 % 10-51)(1.4 x 10-23)(3 x 10-10)2

Silicon nuclei (m = 28m,, = 28(1.7 x 10727) = 4.8 x 1072% kg):

6.6 x 10734)2
T < (6.6 x )

=[24K.
3(4.8 x 10-26)(1.4 x 10-23)(3 x 10-10)2
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(b) PV = NkgT; volume occupied by one molecule (N =1, V = d*) = d = (kgT/P)"/>.

h2 P \%/3 B2 p2/3 1 B2 3/5
T<-——(— T3 <« L oT<— () p2s.
< 3mkp <k3T> - < 3m k5B/3 < kg \3m

For helium (m = 4m,, = 6.8 x 10727 kg) at 1 atm = 1.0 x 10° N/m?:

1 (6.6 x 10-34)2\*/® s
T < (1.4 x 10-23) (3(6.8 »; 1027)> (1.0 x 10°) / :m

For atomic hydrogen (m =m,, = 1.7 x 10727 kg) with d = 0.01 m:

(6.6 x 10734)2 -
T —[62x 10 K.
< 3(1.7 x 10-27)(1.4 x 10-2)(10-2)2 a

At 3 K it is definitely in the classical regime.
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CHAPTER 2. THE TIME-INDEPENDENT SCHRODINGER EQUATION

Chapter 2

The Time-Independent Schrodinger
Equation

Problem 2.1

(a)

(b)

(c)

U(z,t) = w(x)efi(EoJriF)t/h _ w(z)eFt/hefiEot/h — \\I!|2 |¢|2 2Tt/

/ \q/(x,t)|2dx=em/h/ 1 |2da

The second term is independent of ¢, so if the product is to be 1 for all time, the first term (e
also be constant, and hence I' =0. QED

2Ft/ﬁ) must

If ¢ satisfies Eq. 2.5, 2m drg + Vi = Ev, then (taking the complex conjugate and noting that V' and
E are real): ;Lm dd;f; + Vy* = Ev*, so ¥* also satisfies Eq. 2.5. Now, if ¢; and 9 satisfy Eq. 2.5, so
too does any linear combination of them (¢35 = 111 + caths):
h? d*ips h? d*yy d*1y
“om de2 T Vipg = % ( T2 T e ) + V(e + catb)
h2 del h2 d2w2
= {— g2 +V¢1}+02 {_Zmd + Vipa

= c1(EY1) + co(E2) = E(c1dr + coth2) = Es.

Thus, (¢ + ¢*) and i(¢p — ¥*) — both of which are real — satisfy Eq. 2.5. Conclusion: From any complex
solution, we can always construct two real solutions (of course, if 1 is already real, the second one will be
zero). In particular, since v = 2[(¢ +¢*) —i(i(¢) — ¥*))],% can be expressed as a linear combination of
two real solutions. QED

If ¢ (z) satisfies Eq. 2.5, then, changing variables z — —x and noting that d?/d(—x)? = d?/dz?,
h? d*y(—x)
_ —2) = E(—2):
“om  dzZ + V(—2)(-z) Y(—z);

so if V(—z) = V() then ¢)(—z) also satisfies Eq. 2.5. It follows that 14 (z) = ¥(z) + ¥(—2) (which is
even: Yy (—x) = y(x)) and Y_(z) = ¢¥(z) — (—x) (which is odd: ¢¥_(—z) = —1p_(z)) both satisfy Eq.
2.5. But ¢(z) = 3(¢1(x) +1—(x)), so any solution can be expressed as a linear combination of even and
odd solutions. QED
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Problem 2.2

Given Z%’ = Qh—’?[V(x) — E), if E < Vipin, then ¢ and ¢ always have the same sign: If ¢ is positive(negative),
then 1" is also positive(negative). This means that ¢ always curves away from the axis (see Figure). However,
it has got to go to zero as x — —oo (else it would not be normalizable). At some point it’s got to depart from
zero (if it doesn’t, it’s going to be identically zero everywhere), in (say) the positive direction. At this point its
slope is positive, and increasing, so 1 gets bigger and bigger as x increases. It can’t ever “turn over” and head
back toward the axis, because that would require a negative second derivative—it always has to bend away from
the axis. By the same token, if it starts out heading negative, it just runs more and more negative. In neither
case is there any way for it to come back to zero, as it must (at  — 00) in order to be normalizable. QED

P A

‘\/
N

=Y

Problem 2.3

Equation 2.23 says % = —Q%Edz; Eq. 2.26 says ¥(0) = ¢(a) = 0. If E =0, d*/dx* = 0, so ¢(x) = A + Bu;
Y(0)=A=0=1v=DBux;(a) =Ba=0= B=0,s019=0. If £ <0, d*/dx* = k*, with Kk = /—2mE/h
real, so ¥(z) = Ae"* + Be "*. This time ¥(0) = A+ B =0 = B = —A, so ¢y = A(e"® — e~ %), while
P(a) = A(e"* —e ") = 0 = either A =0, so ¢ = 0, or else e"® = e "% 50 2" = 1, s0 2rka = In(1) = 0,
so k£ = 0, and again ¢ = 0. In all cases, then, the boundary conditions force ¢ = 0, which is unacceptable
(non-normalizable).

Problem 2.4

2 a
(x) = /J)|’(/J|2dl’ = f/  sin” (Hm) dx. Let y = @x, so dx = icly; y:0—= nm.
a Jo a a nm

72(1)2/m 12 0 — 2a {ystiHQyCOSQy} "
= ysin®y dy = —_
0

a \nmw 4 4 8

= nQZ_Q {nf - COSS nr + 8] = (Independent of n.)

0

2 a 2 3 nm
(%) = */ 22 sin? (ﬂx) de = - (i) / y?* sin? y dy
a 0 a a nm 0

= 2a? {yS _ <y2 _ 1> sin 2y — ycos2y}nw
0

(nm)3 | 6 43 4
:(zi; [(ng)?’_mrcoz(Znﬂ')}: 2[;_2(”1@2}
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d
(p) = m% = (Note : Eq. 1.33 is much faster than Eq. 1.35.)

(Y v (55
:(—rﬂ)( QmE )/w o dz = 2mE, = (Tﬁ)z

03=<x2>—<x>2=a2(§—2@1177)2‘i):f(é‘mi)?>; =3 %‘<m>2'

=
NEREE

3

3

>
[N

op = (p*) — (p)? = <)2; op=T0 N gy =

The product o0, is ’smallest for n = 1;|in that case, 0,0, = (1.136)h/2 > h/2. v

Problem 2.5
(a)
|2 = U 0 = [AP (¢} + ¢3) (V1 + o) = |AP [T Y1 + o + i + 3bs).

1= / U2 dr = | AP / (60?5 + 0501 + ol = 2/ A2 = [A = 1/v/2.

(b)
1 ; E,
W(a,t) = = [tre e ] (bt = )
2 I
_ L 2 7 —iwt 2m —idwt 1 iwt —3iwt
= 2\/;[sm( x) —l—sm(ax)e ]— \/66 sm( )—!—sm T
[ (z,t)|]* = 1 sin? (zx) + sin <zx) sin 2—7733 (e7%%! + €¥") + sin® Q—Wm
’ a a a a a
RNy . o f2m . T . (2m
=a {sm (E$) + sin <ax) + 2sin (ax> sin (ax) cos(3wt)] .
(c)

(x) :/z|\l'(x,t)|2dx

1 [ 2 2
= f/ T [Sin2 (Kx> + sin? (ﬂ—(E> + 2sin (Ix> sin (Tm) cos(3wt)} dx
a Jo a a a a
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a 2 i (27 27 @ 2 a
/ xsin® (Ex)dx: e _osin (o) cos () ZULZ/ wsin? ( 22 da.
0 a 4 4 /a 8(m/a)? o 4 0 a

@ 2 1 [ 3
/  sin (zm) sin (Fx> dr = f/ T [cos (El‘) — cos (7T )} dx

0 a a 2 Jo a a
_1[a? (Za) + 22 (Z)_i sty (37
=5 |zcos(e sin  —x 5 5 cos | — 37Tsm 2 .

1[a? a? a? 1 8a?
=3 |:7T2(COS(7T) — cos(0)) — 9?(008(371') - COS(O))] = (1 - 9> = 9n2
1[a? a2 16a2 a 32
. 32 /a 32k
Amplitude: 92 (§> = 0.3603(a/2); angular frequency: | 3w = 52

(d)

(p) = m—- =m (%) <—93:2) (—3w) sin(3wt) = % sin(3wt).

(e) You could get either ’ E, = 7h?/2ma® ‘ or ’ By = 2n%1h% /ma?, | with equal probability | P, = P, = 1/2. ‘

So (H) 1(E + E») smeh? it’s th f By and E
19 =51 n .
o o1 2 Tma? s the average of E; a 5
Problem 2.6
From Problem 2.5, we see that
V(z,t) = ﬁefm [sin (Zz) + sin () e 3leid];

W (z,t)]* =| L [sin® (Z) +sin® (2E2) + 2sin (Z2) sin (Zz) cos(3wt — ¢)];

a a

and hence | (z) = % [1 — 2% cos(3wt — ¢)]. | This amounts physically to starting the clock at a different time

T 9n2

(i.e., shifting the ¢ = 0 point).

If ¢ = %, so U(xz,0) = A[th1(x) + itpa(x)], then cos(3wt — ¢) = sin(3wt); (x) starts at g.

If ¢ =m, so ¥(x,0) = A[th1(x) — ()], then cos(3wt — ¢) = — cos(3wt); (x) starts at ;(1 + 93:2)




