1

Preliminaries

Elementary Logic and Set Theory

1.1 Sets and Preliminary Notations, Number Sets

Exercises

Exercise 1.1.1 IfZ = {...,—2,-1,0,1,2,...} denotes the set of all integers and IN = {1,2,3,...} the set
of all natural numbers, exhibit the following sets in the form A = {a, b, ¢, ...}:
() {xe€Z :a2?>-22+1=0}
() {x€Z : 4<z<10}
(iii) {r € IV : 2? < 10}
@ {1}
(i) {4,5,6,7,8,9,10}
(iii) {1,2,3}

1.2 Level One Logic

Exercises

Exercise 1.2.1 Construct the truth table for De Morgan’s Law:

~(nNg = (~p)VI(~q)
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~PAg s ((~p)VI(~a)
10001 101 10
1001 1 101 01
11001 011 10
01111 010 01

Exercise 1.2.2 Construct truth tables to prove the following tautologies:
(p=4q) < (~qg=~p)

~(p=q SpA~gq

Exercise 1.2.3 Construct truth tables to prove the associative laws in logic:
pV(gVr) & (pvgVr

pA(@AT) & (PAg AT

pVgVvr)e (Vg Vr
00000 1 00000
01011 1 000 11
01110 1 011 10
01 111 1 011 11
11000 1 110 10
11011 1 11011
11110 1 111 10
11 111 1 11111
pA(gAT) S (PAG AT
00000 1 000 00
00001 1 00001
00100 1 001 00
00111 1 00101
10000 1 10000
10001 1 10001
10100 1 111 00
11111 1 11111
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1.3 Algebra of Sets

Exercises

Exercise 1.3.1 Of 100 students polled at a certain university, 40 were enrolled in an engineering course,
50 in a mathematics course, and 64 in a physics course. Of these, only 3 were enrolled in all three
subjects, 10 were enrolled only in mathematics and engineering, 35 were enrolled only in physics and
mathematics, and 18 were enrolled only in engineering and physics.

(i) How many students were enrolled only in mathematics?

(i1)) How many of the students were not enrolled in any of these three subjects?
Let A, B, C denote the subsets of students enrolled in mathematics, the engineering course and physics,
repectively. Sets: ANBNC,ANB—-(ANBNC),ANC—-(AnBNC)and A— (BUC) are

pairwise disjoint (no two sets have a nonempty common part) and their union equals set A, see Fig. 1.1.

Consequently,
#A—-(BUQC)) =#A—-#ANBNC—-#(ANB—-(ANBNQC))—#(ANC—-(ANnBNQ())
=50-3-10—-35=2

In the same way we compute,
#(B—-(AUC))=9 and #(C—-(AUB))=38

Thus, the total number of students enrolled is
#(A— (BUC)) +#(B ~ (AUC)) + #(C — (AUB))
+#(ANB-C)+#(ANC—-B)+#(BNC - A)
+#(ANBNCO)
=24+9+8+10+35+18+3 =285

Consequently, 15 students did not enroll in any of the three classes.

Exercise 1.3.2 List all of the subsets of A = {1,2,3,4}. Note: A and () are considered to be subsets of A.

@7
{13,
{2}, {1,2},
{3}, {1, 3}, {2,3}, {1,2,3},
(43, {1,4},{2,4},{1,2,4}, {34}, {1, 3,4}, {2,3,4}, {1,2,3,4}
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Figure 1.1
Illustration of Exercise 1.3.1.

Exercise 1.3.3 Construct Venn diagrams to illustrate the idempotent, commutative, associative, distributive,

and identity laws. Note: some of these are trivially illustrated.

This is a very simple exercise. For example, Fig. 1.2 illustrates the associative law for the union of sets.

0

{AvB) «C =Av B ()

Figure 1.2
Venn diagrams illustrating the associative law for the union of sets.

Exercise 1.3.4 Construct Venn diagrams to illustrate De Morgan’s Laws.

Follow Exercise 1.3.3.

Exercise 1.3.5 Prove the distributive laws.
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xe AN(BUCQO)
| definition of intersection of sets
x€Aandz € (BUC)
definition of union of sets
x€Aand (z € Borx € C)
tautology:p A (qVr) < (pAg)V (pATr)
(re Aandzx € B)or(zx € Aand z € C)

| definition of intersection of sets
re(ANB)orz e (ANC)
(3 definition of union of sets

€ (ANB)U(ANC)

In the same way,

xreAU(BNC)
definition of union of sets
x€Aorz e (BNCO)
definition of intersection of sets
x€Aor(z € Bandzx € C)

¢ tautology:p V (g A1) < (pVg)A(pVT)
(reAorxe B)and (x € Aorz € C)
| definition of union of sets
r€(AUB)andz € (AUC)
definition of intersection of sets
xe(AUB)N(AUC)

Exercise 1.3.6 Prove the identity laws.

In each case, one first has to identify and prove the corresponding logical law. For instance, using the

truth tables, we first verify that, if f denotes a false statement, then

pVfep

for an arbitrary statement p. This tautology then provides the basis for the corresponding identity law

in algebra of sets:

AUupP=A
Indeed,
z e (AUD)
i definition of union of sets
xe€Aorz el
(3 tautology above
reA

The remaining three proofs are analogous.

Exercise 1.3.7 Prove the second of De Morgan’s Laws.
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reA—(BNC)
4 definition of difference of sets
x€Aandzx ¢ (BNCO)
x¢ D&~ (zeD)
r€Aand ~ (x € BNC)
definition of intersection
r€Aand ~(x € BAz € ()
tautology: pA ~ (g Ar) < (pA ~q) V (pA ~ 1)
(reAandx ¢ B)or (z € Aand z ¢ C)
o definition of difference of sets
re€(A-—B)orze (A-C)
definition of union
re€(A-B)U(A-0C)

Exercise 1.3.8 Prove that (A — B) N B = 0.

Empty set is a subset of any set, so the inclusion ) C (A — B) N B is obviously satisfied. To prove the
converse, notice that the statement = € () is equivalent to the statement that = does not exist. Suppose

now, to the contrary, that there exists an  such that z € (A — B) N B. Then

r€(A-B)NB

U definition of intersection
r€(A—B)andz € B

i3 definition of difference
(reAandx ¢ B)andx € B

U associative law for conjuction
x € Aand (r ¢ Band x € B)

i3 pA ~ pis false

z€Aandzx € ()
U identity law for conjuction
x €

In fact, the statements above are equivalent.

Exercise 1.3.9 Provethat B— A=BnNA'.

reB—-A
iy definition of difference
x€Bandz ¢ A
{ definition of complement
x€Bandz e A
| definition of intersection

reBNA
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1.4 Level Two Logic

Exercises

Exercise 1.4.1 Use Mathematical Induction to derive and prove a formula for the sum of squares of the first

n positive integers:

Zi2:1+22+...+n2
1=1

This is an “inverse engineering” problem. Based on elementary integration formulas for polynomials,

we expect the formula to take the form:

", an®+pBn?+n+6
2=
i=1 A

In the proof by induction, we will need to show that:
n n+1
Yo+ (n41)2=) i
i=1 i=1
This leads to the identity:

an?® 4+ Bn? +yn +46
A

s_on+1P’+B8n+1)?+y(n+1)+9

+(n+1) "

Comparing coefficients in front of n%, n2, n, 1 on both sides, we get relations:
A=3a, 2A=3a+28, A=a+pB+~y

This leadstoa« = A/3, 8 = A/2, v = A/6. Choosing A = 6, we get « = 2, § = 3, v = 1. Validity

of the formula for n = 1 implies that § = 0.

Exercise 1.4.2 Use mathematical induction to prove that the power set of a set U with n elements has 2"
elements:
#U=n = H#PU)=2"

The hash symbol # replaces the phrase ‘“number of elements of.”

e T(1). Let U = {a}. Then P(U) = {0, {a}}, so #P(U) = 2.

e T'(n) = T(n+ 1). Assume the statement has been proved for every set with n elements. Let
#U = n + 1. Pick an arbitrary element a from set U. The power set of U can then be split into

two families: subsets that do not contain element a and subsets that do contain a:

PU)=AUBwhere A={ACU :a¢ A}, B={BCU : ac B}
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The two families are disjoint, so #P(U) = #A + #B. But A = P(U — {a}) so, by the

assumption of mathematical induction, set .4 has 2™ elements. On the other side:
BeB< B—{a} € P(U-{a})

so family B has also exactly 2" elements. Consequently, power set P(U) has 2" + 2" = 2n+1

elements, and the proof is finished.

Another way to see the result is to recall Newton’s formula:

n__ [T np0 n n—171 n 13n—1 n 0pn
(a+0) —(O>ab +(1>a b +...+<n_1>ab +(n>ab

In the particular case of @ = b = 1, Newton’s formula reduces to the identity:

= () (1) (L) (2)

Recall that Newton’s symbol
n
k

represents the number of k—combinations of n elements, i.e., the number of different subsets with k
elements from a set with n elements. As all subsets of a set U with n elements can be partitioned into
subfamiles of subsets with k£ elements, £ = 0,1, .. ., n, the right-hand side of the identity above clearly
represents the number of all possible subsets of set U. Obviously, in order to prove the formula above,

we may have to use mathematical induction as well.

1.5 Infinite Unions and Intersections

Exercises

Exercise 1.5.1 Let B(a, ) denote an open ball centered at a with radius 7:
B(a,r) ={z : d(z,a) <r}

Here a, x are points in the Euclidean space and d(x, a) denotes the (Euclidean) distance between the

points. Similarly, let B(a, ) denote a closed ball centered at a with radius 7:
Bla,r) ={z : d(z,a) <7}

Notice that the open ball does not include the points on the sphere with radius r, whereas the closed
ball does.



