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EXERCISES 1.1

Second order; linear

Third order; nonlinear because of (dy/dx)*

Fourth order; linear

Second order; nonlinear because of cos(r + u)

Second order; nonlinear because of (dy/dx)? or \/1 + (dy/dx)?
Second order; nonlinear because of R?

Third order; linear

Second order; nonlinear because of i?

W O N U AWM=

First order; nonlinear because of sin (dy/dx)

-
.

First order; linear

=Y
-

. Writing the differential equation in the form x(dy/dx) + y* = 1, we see that it is nonlinear
in y because of y2. However, writing it in the form (y? — 1)(dx/dy) + = = 0, we see that it is
linear in x.

12. Writing the differential equation in the form u(dv/du) + (1 + u)v = ue* we see thatitis
linear in v. However, writing it in the form (v + wv — ue*)(du/dv) + u = 0, we see that it is
nonlinear in w.

13. Fromy = e %2 we obtain y’ = —1e™*/2. Then 2y +y = —e =%/ + ¢7%/2 = 0.
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6
e2% we obtain dy/dt = 24e~2%, so that

6
14. Fromy:g—g

dy  of—20t 6 6 o0 _
7t + 20y = 24e + 20 5 56 = 24.

15. From y = 3% cos 2z we obtain i’ = 3e3? cos 22—2¢3% sin 22 and y” = 5e3% cos 22—12¢3% sin 2z,
so that 4 — 6y’ + 13y = 0.

16. From y = — cos = In(sec x + tan x) we obtain y = —1 + sinx In(sec z + tan z) and
y" = tanz + cos x In(sec ¥ + tan z). Then 3y’ + y = tan .
17. The domain of the function, found by solving z+2 > 0, is [-2, 00). From 3/ = 14-2(x42)~1/2
we have
(y—a)y =y —2)1+ 2 +2)"
—y— 42y — o) +2)
=y —a+ 20z +4x+2)? —z)(x +2)7V/2
—y—z+8x+2)2(x+2)V2=y—z+8
An interval of definition for the solution of the differential equation is (—2, c0) because ¢’ is

not defined at z = —2.

18. Since tan x is not defined for x = 7/2 + nm, n an integer, the domain of y = 5tan5x is
{z |5z # /2 +nr}
or {z |  # 7/10 4+ nx/5}. From y' = 25sec? 5z we have

y' = 25(1 + tan? 5z) = 25 + 25 tan® 5z = 25 + 32

An interval of definition for the solution of the differential equation is (—7/10,7/10). An-
other interval is (7/10, 37/10), and so on.

19. The domain of the functionis {z | 4 — 2? # 0}or{z | z # —20rz # 2}. Fromy =

22/(4 — 2%)? we have
1 \2
V=2 <4—x2> = 25",

An interval of definition for the solution of the differential equation is (-2, 2). Other inter-
vals are (—oo, —2) and (2, 00).

20. The functionisy = 1/4/1 — sinx, whose domain is obtained from 1 — sinx # 0 or sinz # 1.
Thus, the domain is {z | = # 7/2 + 2n}. From y/ = —2(1— sin ) 73/2(— cos 2) we have

2y = (1 —sinz) 3% cosz = [(1 —sinz) %P cos & = 3> cos z.

An interval of definition for the solution of the differential equation is (7/2, 57/2). Another
oneis (57/2,9m/2), and so on.
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21. Writing In(2X — 1) — In(X — 1) = ¢ and differentiating x
implicitly we obtain 4

2 dX 1 dX

2 1 dX = t
— R | -4 2 N2 4
2X -1 X-—-1/ dt |

2X —2-2X+1dX _ |
2X —1)(X—-1) dt '
|

- X DX 1) =(X -1 -2X),

Exponentiating both sides of the implicit solution we obtain

2X -1
=e
X -1

2X —1=Xet — ¢
(" —1) = (e —2)X

et —1

X = .
et —2

Solving e! — 2 = 0 we get ¢t = In 2. Thus, the solution is defined on (—oo,In 2) or on (In 2, 0o).
The graph of the solution defined on (—oo,In 2) is dashed, and the graph of the solution
defined on (In 2, o) is solid.

22. Implicitly differentiating the solution, we obtain y
dy dy 4
—222 2 4 2y —= =0
e Ty + 2y dx

—2?dy — 2zydx +ydy =0

2zy dx + (z° — y)dy = 0. -4 2 \//5_ 4

Using the quadratic formula to solve y? — 222y — 1 = 0

fory, we gety = (222 £ Vot +4)/2 = 22 £ Val+ 1. -4
Thus, two explicit solutions are ; = 22 + V2% + 1 and

yo = 2% — V2% + 1. Both solutions are defined on (—oco, c0).

The graph of y; () is solid and the graph of y, is dashed.




Solution and Answer Guide: Zill, DIFFERENTIAL EQUATIONS With MODELING APPLICATIONS 2024, 9780357760192; Chapter #1:
Introduction to Differential Equations

23. Differentiating P = cie’/ (1 + c1€’) we obtain

dp (1+ cre’) cre’ — crel - crel e [(1+cre!) — créf]
dt (1 + cret)? 1+ et 1+ cret
t t
c1e c1e
= — = P(1-P).
1+ ciet [ 1+clet] ( )
d
24. Differentiating y = 222 — 1 + 616—2952 we obtain d—y =4dx — 4xc1e_2”2, so that
X
dy 2(22

—= 4+ 4dxy = dx — dxcie” " + 83 — 4z + 46133€_m2 = 8

dz
2

o d
25. From y = c¢1e?® 4 coxe®® we obtain & _ (2¢1 + cz)e% + 2coze®® and T2 y = (4cy + 402) T
x

dx
4esze®®, so that
d2y d 2x 2x
prch 4d— + 4y = (4ey + 4deg — 8y — 4deg + 4eq) e + (deg — 8eg + 4eg)ze™ = 0.

26. Fromy = ciz~ ' + oz + c3z Inz + 422 we obtain

d
& _ —c127 2 + g+ 3+ c3lna + 8z,
dx
d2
d—xg = 201:1:_3 + 03:1:_1 + 8,
and .
d
d—xg = —6crz ™t — 03:17_2,
so that
a3 d? d
$3d—1‘g +2$2d—a:g —:Ed—i +y=(—6c1 +4c1 + 1 +cl)a:_1+(—63+203 —cy—c3t+eo)w

+ (—c3 +c3)zlnz + (16 — 8 + 4)z? = 1222
ln Problems 25-28, we use the Product Rule and the derivative of an integral ((12) of this section):
— / t)dt = g(x).

27. Differentiating y = €3 / — dt we obtaln = = / — dt v

T e—3t 1
= e3x/ — dt+ =, so that
1 t xr

dy B - /gc —3 /ac e—3t
T 3zy =2 ( ; dt + 3z L dt
/ —dt+1—3:ne / —dt—l

dy
dx
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28. Differentiating y = f/ ©0St 14 we obtain . — / St g+ BTz or
d:n PN

cost
—— dt + cos z, so that

dy 1 * cost Cost
2 —y =2
md:n :E<2\/, \/_dt+cos:13> \/_/

t t
—\/_/ ﬂalt—i—2:1:cos:1: \/_/ ﬂdt—2a;cos:1:

z-5 ) v

5 10 t d t i 10
29. Differentiating y = — + 10 [*sint dt we obtain = = / sin LT T or
1t dr x x
dy smt 10 sina;
== o that
dx :1:2 x2
o dy / smt 10 sin x / smt
=ty = Tl
dx 22
sint sint
= —5—10/ Tdt+1051n:17+5+10/ Tdt-lOsm:E
1 1
. .. 22 2 * 12 . dy _z2 _ 2 * 2 22
30. Differentiatingy =e™* +e e” dt we obtain pt —2xe” " —2zxe e dt+e
0 €z 0
e’
d x
or Y9 _ —9ge™ " — 2pe / et dt + 1, so that
dzx 0
dy 2 2 z 2 22 2 z 2
—— 4+ 2zy = 22" —2xe e dt+1)+2zx(e™ +e e’ dt
dzx 0 0
—xz? —xz? ’ 2 —z? —z? ’ 2
= —2ze” ¥ —2xe e dt+1+2zxe ™ + 2ze e dt=1
0 0
31. From
—2%, <0
Yy = 9
T4, x>0
we obtain
, —2x, <0
y =
2x, x>0
so that zy’ — 2y = 0.
32. The function y(z) is not continuous at z = 0 since lim y(x) =5and lim y(z) = —5. Thus,
z—0~ z—0t

y'(z) does not exist at x = 0.
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33. Force the function y = €™ into the equation ¢’ + 2y = 0 to get
(em) +2(e™) = 0
me™ + 2e™ =0
e (m+2)=0

Now since e™* > 0 for all values of z, we must have m = —2 and so y = e~ 2% is a solution.

34. Force the function y = €™ into the equation 3y’ — 4y = 0 to get
3(6777,50)/ _ 4(6777,50) — 0
3me™ — 4™ =0
em*(3m—4)=0
Now since " > 0 for all values of , we must have m = 4/3 and so y = ¢**/3 is a solution.
35. Force the function y = €™ into the equation y” — 5y’ + 6y = 0 to get
(emx)l/ _ 5(6771:1))/ + 6(em:c) — 0
m2e™ — 5me™® 4 6e™* =0
€™ (m? — 5m 4 6) =0
e (m—2)(m—-3)=0

Now since e™® > ( for all values of z, we must have m = 2 and m = 3 therefore y = ¢?* and
y = €3 are solutions.

36. Force the function y = ¢™* into the equation 2y” + 9y’ — 5y = 0 to get
2(e™)" +9(e™*) — 5(e™*) =0
2m2e™ 4 9me™T — 5™ = ()
€™ (2m? +9m —5) =0
e (m+5)(2m—1)=0

Now since ¢™* > 0 for all values of x , we must have m = —5and m = 1/2 therefore
y = e and y = ¢*/2 are solutions.

© 2023 Cengage. All Rights Reserved. May not be scanned, copied, or duplicated, or posted ot a publicly accessible

website, in whole or in part.




¢ Cengage

Solution and Answer Guide: Zill, DIFFERENTIAL EQUATIONS With MODELING APPLICATIONS 2024, 9780357760192; Chapter #1:
Introduction to Differential Equations

37. Force the function y = 2™ into the equation zy” + 2y’ = 0 to get
z- (™) +2(2™) =0
z-m(m—1)z™ % 4+ 2ma™ 1t =0
(m? —m)z™ 1 +2ma™ 1 =0
2™ Hm? +m] =0
2" Hm(m+1)] =0

The last line implies thatm = 0and m = —1thereforey = 2 = landy = z ! are
solutions.

38. Force the function y = 2™ into the equation 4x2y” +y = 0 to get
4z* (™) + (2™) =0
42 -m(m —1)z™ 2 + 2™ =0
4(m?* —m)z™ 4+ 2™ =0
™[4m? —4m +1] = 0
z™[(2m —1)*] =0

The last line implies that m = 1/2 therefore y = x'/2 = /z is a solutions.

39. Force the function y = 2™ into the equation x2y” — Tzy’ + 15y = 0 to get
2 (2™ =Tz (™) 4+ 15(2™) = 0
2% -m(m — 1)2™ 2 — Tz -ma™ !+ 152™ =0
(m? — m)z™ — Tma™ + 152™ =0
2™ m? — 8m + 15] = 0
z™[(m = 3)(m —5)] =0

The last line implies that m = 3 and m = 5 therefore y = 23 and y = 2° are solutions.
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40. Force the function y = 2™ into the equation z%y" — 3xy” + 3y’ = 0 to get
e (@) = 3w+ ()" + 3(2™) =0
22 -m(m —1)(m —2)2™ 3 =3z -m(m — 1)2™ 2?4+ 3-ma™ 1 =0
(m® — 3m? 4+ 2m)z™ ! — 3(m? —m)z™ !t +3mz™ 1 =0
2™ Hm3 — 6m? + 8m] =0

2" m(m —2)(m—4)] =0

The last line implies that m = 0, m = 2, and m = 4 therefore y = 2% = 1,y = 22, and y = z*
are solutions.

In Problems 41-44, we substitute y = c into the differential equations and use y' = 0 and y” =0

41. Solving 5¢ = 10 we see that y = 2 is a constant solution.

42. Solving ¢> +2c—3 = (c+3)(c— 1) = 0 we see that y = —3 and y = 1 are constant solutions.
43. Since 1/(c — 1) = 0 has no solutions, the differential equation has no constant solutions.
44. Solving 6¢c = 10 we see that y = 5/3 is a constant solution.

45. Substituting y = (z + ¢1)? into differential equation yields,
dy 2
2} =4
(dw) ’
2(z+c)]? =4 (z+c1)

4(x+e) =4(x+c¢)?

Both sides of the differential equation are zero when y = 0. No value of ¢; in the family of
solutions gives y = 0 and thus the trivial solution y = 0 is a singular solution.

46. Substituting y = 3sin (z + ¢;) into differential equation yields,
2
()-r-v
[3cos (x +¢1)]* =9 — (3sin (z + ¢1))?
9cos? (x +¢1) =9 — 9sin? (z + ¢1)
9cos® (x+c1) =9—9[1—cos® (z+ ¢1)]
9cos? (x4 ¢1) =9 — 9+ 9cos? (x + ¢1)

9cos? (x + ¢1) = 9cos? (z + ¢1)

Both sides of the differential equation are zero when y = 3. No value of ¢; in the family of
solutions gives y = 3 and thus the solution y = 3 is a singular solution.
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47. Rewriting the family of solutions, we get \/16 — 42 = & — ¢; and 16 — 4*> = (z — ¢1)?. Using
T L . d o d .
implicit differentiation results in y d_y = ¢ — x. Substituting y d_y and 1/16 — y2 into the
i i
differential equation yields,

d
y Y 16— 2 =0
dx

(c1—x)+(x—c1)=0

Both sides of the differential equation are zero when y = +4. No value of ¢; in the family of
solutions gives y = +4 and thus the solutions y = £4 are singular solutions.

48. Substituting y = = — (z — ¢;)? into differential equation yields,

dy 2 dy
— ] —2—=44y=4x—1
<daz> da;+ vy

(1—2(38—01))2—2(1—2(:17—61))4—4(3:—(33—01)2) — 4z 1
(1+42% — 8zc — 4z + de + 4¢%) + (2 + 4z — 4ey) + (4o — 42® + 8vey — 4c}) = 4w — 1

dey —1=4x — 1

Both sides of the differential equation are 4z — 1 when y = x. No value of ¢; in the family of
solutions gives y = x and thus the solution y = z is a singular solution.

49. Fromz = e~ 2 + 3¢e% and y = —e=% + 5e% we obtain

d d
d—‘f = 272 4185  and d—i = 272 4 30€,
Then
d
243y = (€72 + 3¢%) + 3(—e 2 + 5ebt) = 272 4 18¢8 = d—f
and J
5z 4+ 3y = 5(e 2 + 3¢5 + 3(—e 2 4 5e%) = 2e7 4 30e% = d—i{ .
50. From & = cos 2t + sin 2t + %et and y = — cos 2t — sin 2t — %et we obtain
d 1 d 1
d—? = —2sin 2t + 2cos 2t + get and d—i{ = 2sin2t — 2cos 2t — get
and ) )
d 1 d 1
d—tf = —4cos 2t — 4sin 2t + get and d—tz?/ =4 cos 2t + 4sin 2t — get.
Then
1 1 d?
4y + €' = 4(— cos 2t — sin 2t — get) + et = —4cos 2t — 4sin 2t + get = d—tﬂ;
and
¢ . 1, ¢ . 1, d*y
4dx — e = 4(cos 2t + sin 2t + € ) —e" =4cos2t+4sin2t — —e' = —.

5 dt?
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